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Variational and parquet-diagram calculations for neutron matter.
II. Twisted Chain Diagrams.
E. Krotscheck and J. Wang
Department of Physics, University at Buffalo, SUNY Buffalo NY 14260 and
Institut fu¨r Theoretische Physik, Johannes Kepler Universita¨t, A 4040 Linz, Austria
We develop a manifestly microscopic method to deal with strongly interacting nuclear systems
that have different interactions in spin-singlet and spin-triplet states. In a first step we analyze
variational wave functions that have been suggested to describe such systems, and demonstrate that
the so-called commutator contributions can have important effects whenever the interactions in
the spin-singlet and the spin-triplet states are very different. We then identify these contributions
as terms that correspond, in the language of perturbation theory, to non-parquet diagrams. We
include these diagrams in a way that is suggested by the Jastrow-Feenberg approach and show
that the corrections from non-parquet contributions are, at short distances, larger than all other
many-body effects.
I. INTRODUCTION
Popular models of the nucleon-nucleon forces [1–5] rep-
resent the interaction as a sum of local functions times
correlation operators, i.e.
vˆ(i, j) =
n∑
α=1
vα(rij) Oˆα(i, j), (1.1)
where rij = |ri − rj | is the distance between particles
i and j, and the Oα(i, j) are operators acting on the
spin, isospin, and possibly the relative angular momen-
tum variables of the individual particles. According to
the number of operators n, the potential model is referred
to as a vˆn model potential. Semi-realistic models for nu-
clear matter keep at least the six base operators, these
are
Oˆ1(i, j; rˆij) ≡ Oˆc = 1 ,
Oˆ3(i, j; rˆij) ≡ σi · σj ,
Oˆ5(i, j; rˆij) ≡ Sij(rˆij) ≡ 3(σi · rˆij)(σj · rˆij)− σi · σj ,
Oˆ2n(i, j; rˆij) = Oˆ2n−1(i, j; rˆij)τ1 · τ2 . (1.2)
where rˆij = rij/rij . We will omit the arguments when
unambiguous.
Besides the operators defined in Eq. (1.2) it is conve-
nient to introduce the projection operators
PˆS ≡
1
4
(1− σ1 · σ2) ,
PˆT+ ≡
1
6
(31+ σ1 · σ2 + S12(rˆ)) , (1.3)
PˆT− ≡
1
12
(31+ σ1 · σ2 − 2S12(rˆ)) .
These satisfy the relations PˆiPˆj = Pˆiδij and PˆS + PˆT+ +
PˆT− = 1.
If tensor forces are included, a third set of operators
Lˆ ≡ (σ1 · rˆ) (σ2 · rˆ) , Tˆ ≡ σ1 · σ2 − (σ1 · rˆ) (σ2 · rˆ) .
(1.4)
is useful for the summation of chain diagrams [6].
The task of microscopic many-body theory is to under-
stand properties of macroscopic systems from no other
information than the properties of the underlying Hamil-
tonian, the particle statistics, and the macroscopic ge-
ometry of the system. For simple, state-independent in-
teractions as appropriate for electrons or quantum fluids,
the Jastrow-Feenberg ansatz [7] for the wave function
Ψ0 =
N∏
i,j=1
i<j
f(rij)Φ0 (1.5)
and its logical generalization to multiparticle correlation
functions [8–12] has been extremely successful. Φ0 is,
for fermions, a Slater determinant of single particle or-
bitals. The method has therefore been applied in both
semi-analytic calculations [7] as well as early Monte Carlo
calculations [13, 14] and is still being used as an impor-
tance sampling function for diffusion and Green’s func-
tions Monte Carlo computations [15, 16].
One of the reasons for the success of the wave func-
tion (1.5) is that it provides a good upper bound for the
ground state energy
E0 =
〈
Ψ0
∣∣H∣∣Ψ0〉〈
Ψ0
∣∣Ψ0〉 . (1.6)
In semi-analytic calculations, approximations must be
made in the evaluation of the energy expectation value
(1.6). The hierarchy of “(Fermi-)hypernetted chain
((F)HNC)” approximations [17] is singled out since it
permits an unconstrained optimization of the correlation
functions,
δE0
δf
(r1, r2) = 0, (1.7)
in the sense that the Euler equations for any level of the
HNC approximation has the same structure as the exact
Euler equation [7]. The method corresponds, for bosons,
to a self-consistent summation of all ring and ladder di-
agrams of perturbation theory – the so-called “parquet”
2diagrams [18–21]. The same is true for Fermions [22]
when specific truncation orders of exchange diagrams are
followed.
The Jastrow-Feenberg ansatz (1.5) is insufficient for
dealing with realistic nucleon-nucleon interactions of the
form (1.1). A plausible generalization of the wave func-
tion (1.5) is the symmetrized operator product [23, 24]
ΨSOP0 = S
[ N∏
i,j=1
i<j
fˆ(i, j)
]
Φ0 , (1.8)
where
fˆ(i, j) =
n∑
α=1
fα(rij) Oˆα(i, j) , (1.9)
and S stands for symmetrization. The symmetrization
is necessary because the operators Oˆα(i, j) and Oˆβ(i, k)
do not necessarily commute. The potential energy, for
example, can be written in the form
〈V 〉
N
=
ρ
2
∫
d3r
∑
α
gα(r)vα(r)
1
ν2
T r12O
2
α(1, 2) (1.10)
where ν is the degree of degeneracy of the single-particle
states, T r12 indicates the trace over spin (and, when ap-
plicabe, isospin) variables of particles 1 and 2, and the
components of the pair distribution function are
ρ2gα(|r− r
′|) =〈
Ψ0
∣∣∣∑i<j δ(r− ri)δ(r′ − rj)Oˆα(i, j)∣∣Ψ0〉
1
ν2
T r12 Oˆ
2
α(1, 2)
〈
Ψ0
∣∣∣Ψ0〉 . (1.11)
The need to symmetrize the operator product causes,
however, severe problems which must be dealt with prop-
erly: When the symmetrization is carried out, the com-
ponents of the pair distribution operator have the form
gα(r) =
∑
βγ
fβ(r)fγ(r)F
(α)
βγ (r) (1.12)
where the F
(α)
βγ (r) are coupling coefficients that are func-
tionals of the correlation functions fα(rij). Their ana-
lytic structure is complicated and so far no summation
that comes anywhere close to the diagrammatic richness
of the (F)HNC summations for state-independent corre-
lations has been found.
The only relevant feature for our analysis is, however,
that the coefficient functions F
(α)
βγ (r) are not diagonal
in the operator labels α, β, and γ. In other words,
the interaction in operator channel α is, in the potential
energy, multiplied with correlation functions fβ(r)fγ(r)
with β 6= α, γ 6= α.
This is a priori not a problem because the (observable)
pair distribution functions gα(r) can be thought of as the
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FIG. 1. The Reid interaction [1] in the {S, T+, T−} operator
form for the singlet (black line), Triplet “+” (blue line) and
Triplet “-” (red line) projections (left scale). Also shown are
the corresponding pair wave functions ψα(r) =
√
1 + Γ
(α)
dd (r),
see Eq. (2.15) at kF = 1.0 fm
−1 (dashed line, same colors,
right scale).
independent quantities in the variational problem, i.e.
instead of Eq. (1.7) we may use
δE0
δgα
(r1, r2) = 0 . (1.13)
Then, the theory can be formulated entirely in terms
of observable quantities. In fact the basic equations of
the boson theory can be derived in several ways [19, 20,
25, 26] without ever mentioning the auxiliary Jastrow
correlation function f(r).
However, if one adopts the original idea of Jastrow the-
ory and uses some parameterized form of the correlation
functions fα(r), a good parametrization is hard to find.
A popular choice [27, 28] is, for example, to derive the
correlation functions fα(r) from a low-order constrained
variational principle (LOCV). This leads for the correla-
tion functions to an effective Schro¨dinger equation of the
form
−
~
2
m
∇ ·
[
g
(α)
F (r)∇fα(r)
]
+(vα(r) − λα)g
(α)
F (r)fα(r) = 0 . (1.14)
Eq. (1.14) is understood in the projection operator basis
(1.3). The λα are parameters determined either by a
normalization condition [27, 29] or by the demand that
f ′α(d) = 0 at a healing distance d [28], and g
(α)
F (r) = 1±
ℓ2(rkF) are the distribution functions on non-interacting
fermions, the upper/lower sign refers to singlet/triplet
states, and ℓ(x) = 3j1(x)/x. Modern nucleon-nucleon
interactions [1–5] have rather different core sizes in the
spin-singlet and the spin-triplet cases, see for example
Fig. 1
The above analysis shows that the commutator terms
in the symmetrized operator product (1.8) mix different
3channels such that it is by no means clear how well the
short-ranged correlations are described by simple approx-
imations like (1.14). In fact, earlier nucleon-nucleon in-
teraction [30, 31] contained hard cores with different core
sizes in different operator channels. In that case, the po-
tential energy obtained from correlations determined by
the LOCV method diverges already if only the simplest
non-trivial commutator term is retained.
As an alternative to variational wave functions, Smith
and Jackson [32] started from the idea of localized
parquet-diagram summations and implemented the pro-
cedure for a fictive system of bosonic nucleons interact-
ing via a v6 interaction. It turned out that the equa-
tions derived were identical to those one would obtain in
the bosonic version of the summation method of Fantoni
and Rosati [23], which simply ignored the fact that the
individual pair correlation operators fˆ(i, j) do not com-
mute. We have adopted in Ref. 33 the ideas of Smith
and Jackson and generalized them to Fermi systems. In
that work, we have also paid attention to different treat-
ments of the particle-particle and the particle-hole prop-
agator and have determined which approximations for
these quantities are suggested by variational wave func-
tions.
The problem of the potential importance of commu-
tator diagrams does not go away in parquet summa-
tions. The fact that the work of Ref. 32 corresponds
to a variational calculation where all commutators are
omitted simply says that the fully symmetrized wave
function (1.8) contains more than what is included in
the parquet equations. The analysis (1.12) shows that
these non-parquet contributions are important. On the
other hand, the point of view of parquet-diagram sum-
mations promises a more straightforward procedure to
deal with these effects compared to going through the
development of a full variational procedure. The equiv-
alence between classes of Feynman diagrams and classes
of Jastrow-Feenberg diagrams will provide a vehicle for
justifying practical procedures for their calculation. To
that end, we will in the next section discuss, with a very
simple example, how the physics of commutator correc-
tions is described in terms of Goldstone diagrams and
which approximations to these diagrams are suggested
by a variational wave function.
Section III B will then derive the implementation of
these “non-parquet” diagrams in a generalized Bethe-
Goldstone equation. Numerical applications will be dis-
cussed in Section IV, Section V will provide a brief sum-
mary of our findings. The appendix will review earlier
work [34] where the symmetrization problem can be ex-
amined in a relatively simple analytic form.
II. ESSENTIALS OF PARQUET DIAGRAM
SUMMATIONS AND THE OPTIMIZED
HYPERNETTED CHAIN METHOD
The basic insight, which was explained quite convinc-
ingly in Ref. 19, is that the minimal satisfactory micro-
scopic treatment of an interacting system of many iden-
tical particles requires the self-consistent summation of
ring- and ladder diagrams. This is in principle an ex-
ceedingly demanding task because each two body vertex
is a functions of two incoming (ki, ~ωi) and two outgoing
sets of four quantum numbers. Energy and momentum
conservation as well as isotropy lets us reduce the num-
ber of variables to 10. Hence, approximations must be
made to make the theory practical which we review here.
A. Ring diagrams and the induced interaction
The ring diagrams describe low-lying excitations and
long-ranged correlations. The sum of ring diagrams di-
verges when the system is unstable against low-lying ex-
citations such as density- or spin-density fluctuations.
Therefore, their inclusion is important to have the cor-
rect non-analytic density dependence of the equation of
state of a self-bound system.
These are derived from a random-phase approximation
(RPA) equation for the response function
χˆ(q, ω) =
χ0(q, ω)
1− Vˆp−h(q)χ0(q, ω)
S(q) = −
∫ ∞
0
d~ω
π
Imχ(q, ω), (2.1)
in terms of a local “particle-hole” interaction Vˆp−h(q). In
the case of state-dependent interactions, Vˆp−h(q) is most
conveniently represented as a linear combination of local
functions V˜
(α)
p−h(q) and the operators (1.4). As usual we
define the dimensionless Fourier transform by including
a density factor ρ, i.e.
f˜(k) = ρ
∫
d3rf(r)eik·r = ρ
∫
d3rf(r)j0(kr) . (2.2)
For the tensor forces, we will also need the j2 Fourier
transform,
f˜(k)S12(kˆ) = ρ
∫
d3rf(r)eik·rS12(rˆ)
= −ρ
∫
d3rf(r)j2(kr)S12(kˆ) . (2.3)
The second important relationship is the Bethe-
Goldstone equation which describes short-ranged correla-
tions caused by the strong, short-ranged repulsion of the
nuclear interaction. We shall discuss this in detail below.
Summing the parquet diagrams one supplements, among
others, the bare interaction vˆ(r) in the Bethe-Goldstone
4equation by an induced interaction wˆI(r) being defined
as the set of particle-hole reducible diagrams. Assum-
ing a particle-hole interaction Vˆp−h(q) of the operator of
the form (1.2), the sum of these diagrams is a priori an
energy-dependent quantity
wˆI(q, ω) =
Vˆ 2p−h(q)χ0(q, ω)
1− Vˆp−h(q)χ0(q, ω)
. (2.4)
The energy dependent induced interaction is then ap-
proximated [19, 20] by an energy independent effective
interaction wˆ(q) as follows: Calculate the static struc-
ture function
S(q) = −
∫
∞
0
d~ω
π
Im
χ0(q, ω)
1− χ0(q, ω)Vˆp−h(q)
= −
∫
∞
0
d~ω
π
Im
[
χ0(q, ω) + χ
2
0(q, ω)wˆI(q, ω)
]
.
(2.5)
Now define an energy independent interaction wˆI(q, ω¯(q))
by demanding that it gives the same static structure func-
tion,
S(q) ≡ −
∫
∞
0
d~ω
π
Im
[
χ0(q, ω) + χ
2
0(q, ω)wˆI(q, ω¯(q))
]
.
(2.6)
This energy independent interaction wˆI(q) ≡
wˆI(q, ω¯(q)) is then taken as a correction to the interaction
in the Bethe-Goldstone equation. For state-dependent
interactions it is again understood that wˆI(q, ω) is a lin-
ear combination of local functions and operators of any
of the forms (1.2), (1.3) or (1.4).
B. Localized Bethe-Goldstone equation
We review here briefly the connection between the con-
ventional Bethe-Goldstone equation and the variational
approach. We begin with the Bethe-Goldstone equation
as formulated in Eqs. (2.1), (2.2) of Ref. 35. As a con-
vention, we will label occupied (“hole”) states by h,h′,hi
and unoccupied (“particle”) states by p,p′,pi; whereas
k, q have no restriction. We also suppress spin variables.
The pair wave function ψ(r) in a coordinate frame cen-
tered at the origin of the Fermi sea is given by the integral
equation〈
k,k′
∣∣ψ∣∣h,h′〉 = 〈k,k′∣∣h,h′〉
− n¯(k)n¯(k′)
〈
k,k′
∣∣Vˆ ψ∣∣h,h′〉
t(k) + t(k′)− t(h)− t(h′)
,
(2.7)
where, in the simplest case, t(k) = ~2k2/2m. In the con-
ventional Bethe-Goldstone equation, Vˆ was meant to be
the bare interaction operator vˆ. In FHNC-EL or parquet-
theory, vˆ is supplemented by the induced interaction wˆI
defined in Eq. (2.6). We can also have “non-parquet” di-
agrams – in (F)HNC-EL these are due to “elementary di-
agrams” and multiparticle correlations, while in the lan-
guage of perturbation theory these are particle-particle
and particle-hole irreducible vertices. Thus, in general,
we may assume
Vˆ (i, j) = vˆ(i, j) + wˆI(i, j) + VˆI(i, j) (2.8)
where VˆI(i, j) is the set of irreducible diagrams. All three
sets are assumed to have the operator structure (1.1).
The pair wave function ψ is still a function of three
momenta. On the other hand, the variational wave func-
tion (1.8) contains only functions that depend on the
distance between two particles. To make a connection
between perturbation theory and the variational wave
function, we must therefore approximate the pair wave
function by a quantity that depends only on the relative
coordinate (or momentum), i.e. it has the feature
〈
k,k′
∣∣ψ∣∣h,h′〉 = 1
N
ψ˜(q)
For local interactions, we then have also
〈
k,k′
∣∣vψ∣∣h,h′〉 = 1
N
[v(r)ψ(r)]
F
(q) .
To have such a solution, the energy denominator coeffi-
cient must be approximated by a function of momentum
transfer q. One option is to write Eq. (2.7) as
[t(k) + t(k′)− t(h)− t(h′)]
[〈
k,k′
∣∣ψ∣∣h,h′〉− 〈k,k′∣∣h,h′〉]
= −n¯(k)n¯(k′)
〈
k,k′
∣∣vψ∣∣h,h′〉 . (2.9)
and then approximate the particle-hole energy differences
by their Fermi-sea average,
t(|h+ q|)− t(h) ≈
∑
h n¯(|h+ q|)n(h)t(|h + q|)− t(h)∑
h n¯(|h+ q|)n(h)
=
t(q)
SF(q)
≡ tF(q) . (2.10)
This leads to[
−
~
2
m
∇2 + v(r)
]
ψ(r)
= −
ρ
ν
∫
d3r′ℓ2(|r− r′|kF)v(r
′)ψ(r′) , (2.11)
see Ref. 33 for a different but equivalent way to write
this equation. Eq. (2.11) is very similar to the Bethe-
Goldstone equation for a pair of particles whose center
of mass momentum is zero. In that case, one obtains
[35, 36][
−
~
2
m
∇2 + v(r)
]
ψ(r)
= −
ρ
ν
∫
d3r′ℓ(|r− r′|kF)v(r
′)ψ(r′) . (2.12)
5The G-matrix is, in the local approximation, given by
Gˆ(q) = Vˆ (q) −
∫
d3q′
(2π)3
Vˆ (|q− q′|)
Gˆ(q′)
2tF(q′)
. (2.13)
The convolution product is best written in coordinate
space,
Gˆ(r) = Vˆ (r)− Vˆ (r)
[
Gˆ(q)
2tF(q)
]F
(r) (2.14)
where F stands for the Fourier transform (2.2) or (2.3).
We have above not explicitly spelled out the operator
dependence which is implied. The equations are the
same for state-dependent interactions, they separate in
the projector representation {PˆS , PˆT+, PˆT−}
We stress here that the local “particle-hole” interac-
tion Vˆp−h(q) entering the summation of ring ring dia-
grams must not be identified with some local approxi-
mation of the G-matrix. This is seen most easily in a
self-bound system like nuclear matter by the argument
that the Fermi-sea average of the G matrix should basi-
cally be the interaction correction to the binding energy
which is negative. On the other hand, the matrix element
of the central component of Vˆp−h(q) at the Fermi sur-
face is the interaction correction to the incompressibility
which is positive [37]. The problem is not as significant
for repulsive systems like neutron matter studied here or
for electrons [38], we see, on the other hand, no reason
to make such unnecessary approximations.
The FHNC-EL equations lead to a slightly different
form [39], but note that FHNC sums more than just the
particle-particle ladders. We found, however, in our nu-
merical applications that the numerical solutions are very
close. We shall, therefore, not elaborate on this issue any
further. Diagrammatically we can identify the pair wave
function ψ(r) with the direct correlation function Γdd(r)
ψ(r) =
√
1 + Γdd(r) . (2.15)
III. BEYOND PARQUET: INCLUDING
“TWISTED CHAIN” DIAGRAMS
A. Low order analysis
We now turn to the main issue of this work, which is
the diagrammatic content and the treatment of the com-
mutator terms introduced by the need to symmetrize the
operator product (1.8). For this purpose, we utilize the
correspondence between diagrams of the cluster expan-
sions for Jastrow-Feenberg wave functions and specific
approximations to Goldstone diagrams. Such a corre-
spondence has been observed a long time ago [40, 41]. In
a very vague language, Jastrow-Feenberg diagrams and
Goldstone diagrams can be identified by absorbing the
energy denominator in the interaction which then de-
fines a dimensionless function h(rij). What remains is
only the momentum flux and the Pauli operators.
The rules on how to translate a Goldstone diagrams
into a Jastrow-Feenberg diagram are then easily verified:
• Re-interpret each interaction line by a correlation
function h(rij) = f
2(rij)− 1,
• Omit all energy denominators,
• Each hole line turns into an exchange line ℓ(rijkF)
where ℓ(x) = 3
x
j1(x).
• Each particle line turns into δ(rij)− ℓ(rijkF)
There cannot be an exact one-to-one correspondence be-
cause the wave function (1.5) or (1.8) is defined for any
correlation function whereas the sum of all Goldstone di-
agrams converges towards the exact ground state. To
make the connection complete one must also include the
optimization of the correlations.
To see how this works, we consider the simple second
order perturbation theory. To simplify the notation, we
do this for central interactions only. The left figure in
Fig. 2 is the second order Goldstone diagram, the right
figure is what would result from the above operations.
Note that the first of the JF diagrams does not appear
in cluster expansions of the Jastrow-Feenberg wave func-
tion.
h1 h’1p1 p’1
q1
q2
- 2
FIG. 2. (color online) The left diagram is the second-order
Goldstone diagram, the wiggly line represents an interaction.
The three diagrams on the right hand side are the correspond-
ing JF-diagrams, the usual diagrammatic conventions [42] ap-
ply: The dashed line represent correlation factors h(rij) and
the oriented solid ones represent exchange lines ℓ(rijkF).
Let us next see how the localization procedure (2.6)
of parquet theory works in the case of a simple ladder
diagram. Fig. 3 shows the third order ladder diagram in
which the middle rung in the left diagram is replaced by
an induced interaction in the right diagram.
h1 h’1
p2
p1
p’2
p’1
q1
q3
q2
h1 h’1
p1
p2
p’1
p’2
h3 p3
q1
q3
q3
q2
FIG. 3. (color online) The simplest ladder diagrams. The left
diagram is the ordinary 3-rung ladder, the right one contains
an induced interaction.
6The exact form of the left diagram is, for local trans-
lationally invariant interactions,
1
N3
∑
qih1h
′
1
v˜(q1)
n¯(h1 + q1)n¯(h
′
1 − q1)
eh1+q1 + eh′1−q1 − eh1 − eh′1
×
×v˜(q1 − q2)
n¯(h1 + q2)n¯(h
′
1 − q
′
2)
eh1+q2 + eh′1−q2 − eh1 − eh′1
v˜(q2) .
(3.1)
where n(k) = θ(kF − k) is the Fermi distribution, and
n¯(k) = 1− n(k). We can write the right diagram in Fig.
3 in a similar way
1
N3
∑
qih1h
′
1
v˜(q1)
n¯(h1 + q1)n¯(h
′
1 − q1)
eh1+q1 + eh′1−q1 − eh1 − eh′1
×
×w˜(q1 − q2, eh1+q1 + eh′1−q2 − eh1 − eh′1)×
×
n¯(h1 + q2)n¯(h
′
1 − q
′
2)
eh1+q2 + eh′1−q2 − eh1 − eh′1
v˜(q2) . (3.2)
with an energy-dependent interaction
w˜(q, ~ω) = −v˜2(q)
1
N
∑
h
1
eh+q − eh + ~ω
. (3.3)
The localization procedure of parquet theory replaces
the energy-dependent induced interaction w˜(q, ~ω) by
an energy-independent interaction which is constructed
from w˜(q, ~ω) by evaluating this quantity at an averaged
frequency ω¯(q), i.e.
w˜(q) = w˜(q, ~ω¯(q)) , (3.4)
see Eq. (2.6). Once w˜(q, ~ω) has been replaced by
w˜(q) = w˜(q, ~ω¯(q)), the combination v˜(q) + w˜(q) can be
used as an effective interaction in the Bethe-Goldstone
equation, this is exactly the connection between the
parquet-diagram and the (F)HNC-EL view of ground
state correlations.
In the next order, shown in Fig. 4, we first see the
possibility of “twisting” chain diagrams.
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FIG. 4. (color online) Fourth-order ladder diagrams, includ-
ing a “twisted chain” diagram. The left diagram is the 4-
body ladder, in the middle diagram one of the interactions
is replaced by an induced interaction, and the right one the
twisted version.
The left and the middle diagram can again be com-
bined by introducing the energy-dependent induced in-
teraction w˜(q, ~ω) which is then, in the local approxima-
tion, replaced by w˜(q) as in Eq. (3.4).
The third diagram, although it has the same com-
ponents, is by its very definition not a parquet dia-
grams, and cannot be represented in terms of the energy-
dependent interaction w˜(q, ~ω). Apply now the rules,
discussed in connection with Fig. 2, for how to iden-
tify Goldstone and Jastrow-Feenberg diagrams and re-
interpret the second and third diagram shown in Fig. 4 as
Jastrow-Feenberg diagrams. We then find that these two
diagrams have indeed the same value, i.e. the Jastrow-
Feenberg wave function suggests to approximate these
two terms by the same quantity. We can therefore con-
clude that, if we want to approximate the cross-going
portion in the third diagram by a static interaction, this
should be the same as the induced interaction w˜(q, ω).
Moreover, the equivalence of Jastrow-Feenberg theory
and the local parquet theory shows that the FHNC-EL
approximation contains both terms.
The above analysis is valid only for state-independent
interactions or correlations or, in other words, for the
configuration-space components of this diagram. There
is no reason that the same argument should work for the
spin/isospin components. Assume therefore now that in-
teractions are state dependent. For the present purpose,
it is best to represent them in the {1, Lˆ, Tˆ} basis, then
the operators on the interactions with momentum trans-
fer q4 must be the same, say Oˆα and the operator associ-
ated with the interaction with momentum transfer q4 be
Oˆβ . We were above led to the conclusion that variational
wave functions suggest the approximation that the co-
ordinate or momentum dependence of the sub-diagrams
with momentum transfer q4 are the same, but the oper-
ator dependence has to be included more carefully. The
second diagram in Fig. 4 has then the operator structure
T r4
[
Oˆα(14)Oˆα(42)Oˆβ(12)
]
whereas the third diagram has the operator order
T r4
[
Oˆα(14)Oˆβ(12)Oˆα(42)
]
,
i.e. the combination of these two operators is exactly the
symmetrized product.
The way to correct the parquet-equations [32] or the
version of the (F)HNC equations that ignores all commu-
tators [23] is therefore to add the commutator of these
two terms.
1
2
T r4
[
Oˆα(14)
[
Oˆβ(12), Oˆα(42)
]]
.
B. Twisted chains corrections to the Bethe
Goldstone equation
We now turn to including the “twisted chain” diagrams
in the localized Bethe-Goldstone equation.
We have two diagrammatic elements: The bare interac-
tion vˆ(q) which is completely irreducible and the induced
interaction wˆI(q), which is particle-hole reducible and
7comes from the FHNC-EL equations or is constructed by
means of the “average energy” approximation (3.4). The
bare interaction comes always in combination with the
induced interaction, we will depict the sum of these two
as a magenta wiggled line. For the following calculations,
we assume that both the bare interaction vˆ(i, j) and the
induced interaction wˆ(i, j) are given in the operator basis
{1, Lˆ, Tˆ}. In that basis, it is sufficient to consider chains
of two elements as shown in Fig. 4, the longer chains
left and right of the particle-hole bubble {p4, h4} can be
summed into one term.
The “cross-going” diagrams, i.e. those of the topology
of the third diagram shown in Fig. 4 must all be particle-
hole reducible, we will depict these as blue wiggled lines.
As we have shown above, the Jastrow-Feenberg wave
function suggests that configuration space of the second
and the third diagram in Fig. 4 are the same and all we
need to do is to include the commutators.
Let us assume that the operator connected with the
interaction line vˆ+ wˆI in Fig. 4 is Oˆv(i, j). The operator
connected with the induced interaction is Oˆw(i, j). These
operators are either Lˆ(i, j) = σα(i)t
(L)
αβ (rˆ)σβ(j), t
(L)
αβ =
rˆαrˆβ or Tˆ (i, j) = σα(i)t
(T )
αβ (rˆ)σβ(j), t
(T )
αβ = rˆαrˆβ − δαβ .
We will also need the same set of operators in momentum
space, the unit vector rˆ is then replaced by qˆ. We label
the external points with a, b and the internal points with
numbers. The correction to the unsymmetrized operator
product is then given by the commutator
1
2
T r1
[
Oˆw(a, 1)
[
Oˆv(a, b), Oˆw(1, b)
]]
(3.5)
where the Oˆw are the spin-operators associated with the
induced interaction wˆI and Oˆv are those associated with
vˆ + wˆI. The commutator with the central operator is
evidently zero. In what follows, we will also need the
relationships
Lˆ2 = PˆS + PˆT+ + PˆT− = 1 , (3.6a)
Tˆ 2 = 4PˆS + 4PˆT− = 21− 2Lˆ , (3.6b)
LˆTˆ = 2PˆS − 2PˆT− = −Tˆ . (3.6c)
For both the longitudinal and the transverse operators,
we have
∑
β tαβtβµ = tαµ, we get therefore for (3.5)
T r1
[
σα(a)t
(w)
αβ σβ(1)σγ(a)t
(v)
γδ σδ(b)σλ(1)t
(w)
λµ σµ(b)
]
− νOv(a, b)Ow(a, b)
= −2νOv(a, b)Ow(a, b) + 2νt
(w)
αβ t
(v)
αβ .
We must now distinguish three cases:
• Both Oˆv(a, b) = Oˆw(a, b) = Lˆ(a, b). Use Eq. (3.6a)
−2νLˆ2(a, b) + 2νt
(L)
αβ t
(L)
αβ = 0, . (3.7)
• Oˆv(a, b) = Lˆ(a, b) and Oˆw(a, b) = Tˆ (a, b). Use Eq.
(3.6c)
−2νLˆ(a, b)Tˆ (a, b) + 2νt
(L)
αβ t
(T )
αβ = 2νTˆ (1, 2) . (3.8)
• Both Oˆv(a, b) = Oˆw(a, b) = Tˆ (a, b). Use Eq. (3.6b)
−2νTˆ (a, b)2 + 2νt
(T )
αβ t
(T )
αβ = 4νLˆ(a, b), . (3.9)
So far we have only considered the simplest process.
Next, consider the series shown in Fig. 5. The summa-
tion of these diagrams is necessary to deal with short-
ranged correlations.
FIG. 5. Examples where the reducible induced interaction
crosses more than one rung. The magenta line represents the
sum vˆ + wˆI. The rungs can all be summed to the G-matrix.
The diagram with n rungs and one crossing has the
spin-operator structure
T r1
[
Oˆw(a, 1)Oˆv1(a, b) . . . , Oˆvn(a, b)Oˆw(b, 1)
−Oˆv1(a, b) . . . , Oˆvn(a, b)Oˆw(a, 1)Oˆw(b, 1)
]
where the Ovi are the spin-operators connected to the n
rungs. These are a priori from the set {1, Lˆ, Tˆ}. We
rewrite the product Oˆv1(a, b) . . . , Oˆvn(a, b) in terms of
the projection operators (1.3). All of these operators
have, in coordinate space, the same spatial argument rˆ.
They are therefore idempotent and, hence, the product
Oˆv1(a, b) . . . , Oˆvn(a, b) can be rewritten as a linear com-
bination of the projection operators (1.3) which, at the
end, is transformed to a linear combination of the set
{1, Lˆ, Tˆ}. The conclusion is that sum of all magenta
lines in Fig. 5 can be represented by the G matrix.
Similarly, we can calculate the set of diagrams shown
in Fig. 6. Note that we can here, according to the above,
FIG. 6. The summation of more than one cross-going lines.
interpret the magenta wavy line as a component of the
G-matrix. Then the operator form of a diagram with n
crossing rungs in Fig. 6 is
8T r1...n
[
Oˆw1(a, 1) . . . Oˆwn(a, n)Oˆv(a, b)Oˆw1(1, b) . . . Oˆwn(n, b)
−Oˆv(a, b)Oˆw1(a, 1)Oˆw1(1, b) . . . Oˆwn(a, n)Oˆwn(n, b)
]
. (3.10)
To evaluate this expression, we use
Oˆv(a, b) =
1
ν
T rn+1
[
Oˆv(a, n+ 1)Oˆv(n+ 1, b)
]
. (3.11)
Therefore, Eq. (3.10) can be rewritten in the form
1
ν
T r1...n+1
[
Oˆv(n+ 1, b)Oˆw1(a, 1)Oˆw1(1, b) . . . Oˆwn(a, n)Oˆwn(1, n)Oˆv(a, n+ 1)
]
−T r1...n
[
Oˆv(a, b)Oˆw1(a, 1)Oˆw1(1, b) . . . Oˆwn(a, n)Oˆwn(n, b)
]
=
νn
ν
T rn+1
[
Oˆv(n+ 1, b)Oˆw1(a, b) . . . Oˆwn(a, b)Oˆv(a, n+ 1)
]
−νn
[
Oˆv(a, b)Oˆw1(a, b) . . . Own(a, b)
]
(3.12)
We can now use the same argument as above to show
that the product Oˆw1(a, b) . . . Own(a, b) can be written as
a linear combination of the operator set {1, Lˆ, Tˆ}. Sum-
ming over all the blue lines in Fig. 6 gives just another
Bethe-Goldstone equation in which the vˆ+ wˆ is replaced
by the wˆ. This defines a modified G-matrix, say Gˆ(w),
where all the rungs are just induced interactions.
Summarizing, the Bethe-Goldstone equation (2.13)
with the effective interaction (2.8) is supplemented by
a second equation that sums the rungs containing only
induced interaction lines
Gˆ(w)(q) = wˆI(q)−
∫
d3q′
(2π)3
wˆI(q− q
′)
Gˆ(w)(q′)
2tF(q′)
. (3.13)
Along with the calculation of the G-matrix we obtain
the pair wave function ψ˜(q), Eq. (2.11) and an analogous
quantity ψ˜(w)(q) corresponding to G˜(w)(q).
The above integral equations (2.13) and (3.13) sum
the two types of ladder diagrams. The purpose of the
summations shown in Figs. 5 and 6 was to demonstrate
that we can replace the sum of all magenta wavy line by
Gˆ(r) and the sum of all blue lines by Gˆ(w)(r).
C. The irreducible part of the interactions
Eqs. (2.13) and (3.13) are solved in the
{PS , PT+, PT−} basis, we obtain therefore the operators
in the representation
Gˆ(r) = GS(r)PˆS +GT+(r)PˆT+ +GT−(r)PˆT−
=
∑
α
Gα(r)Pˆα (3.14)
and the same form for Gˆ(w)(r). To calculate the cor-
rection VˆI(q) we now go back to the analysis of Fig. 4.
We first rewrite both quantities in the basis {1, Lˆ, Tˆ}.
We can then use the coupling coefficients derived in Eqs.
(3.7) - (3.9). We can then write
VˆI(q) = −
∑
α,β
∫
d3q′
2(2π)3ρ
G˜α(|q− q
′|)
G˜
(w)
β (q
′)
2tF(q′)
T r1
[
Oˆβ(a, 1)
[
Oˆα(a, b), Oˆβ(1, b)
]]
(3.15)
where it is implied that the operators Oα(a, b) are from
the set {1, Lˆ, Tˆ}. Of course, the commutator with the
central operator 1 is zero. Using Eqs. (3.7)-(3.9) gives
VˆI(r) in the same basis, we must therefore transform
back to {PS , PT+, PT−} basis. From Eqs. (3.14) we
finally obtain Gˆ(r) and Gˆ(w)(r) in the projector basis
{PS , PT+, PT−}.
V
(S)
I (r) =−
1
8
GS(r)(−3ψ
(w)
S (r) + 2ψ
(w)
T+(r) + ψ
(w)
T−(r))
−
1
4
GT+(r)(ψ
(w)
S (r)− ψ
(w)
T−(r)) (3.16a)
9−
1
8
GT−(r)(ψ
(w)
S (r)− 2ψ
(w)
T+(r) + ψ
(w)
T−(r)) ,
V
(T+)
I (r) =−
1
8
GS(r)(ψ
(w)
S (r)− ψ
(w)
T−(r))
+
1
8
GT−(r)(ψ
(w)
S (r)− ψ
(w)
T−(r)) , (3.16b)
V
(T−)
I (r) =−
1
8
GS(r)(ψ
(w)
s − 2ψ
(w)
T+(r) + ψ
(w)
T−(r))
+
1
4
GT+(r)(ψ
(w)
S (r) − ψ
(w)
T−(r)) (3.16c)
−
1
8
GT−(r)(ψ
(w)
S (r) + 2ψ
(w)
T+(r) − 3ψ
(w)
T−(r)) .
Eqs. (3.16a)-(3.16c) show exactly the conclusion drawn
from the analysis of the symmetrized operator product
wave function: The process described by diagrams of the
kind discussed in Figs. 5 and 6 mix interaction compo-
nents in different channels. Self-consistency is obtained
by inserting the irreducuble terms V
(α)
I (r) in the effec-
tive interaction (2.8) and repeating the process to con-
vergence.
IV. RESULTS
We have chosen in this work to study neutron matter
for a number of reasons. Neutron matter is, apart from
the complications arising from the state-dependence of
the interactions, one of the simplest systems of interest.
As opposed to liquid 3He and nuclear matter, neutron
matter is not self-bound. A self-bound Fermi system has
necessarily at least two spinodal points below saturation
density. An immediate consequence of that is that the
equation of state is a non-analytic function of the den-
sity. Therefore, any expansion of the equation of state in
powers of the density cannot converge up to equilibrium
density. This complication does not exist in neutron mat-
ter and we can focus on the problem at hand, which is
the treatment of operator-dependent correlations.
A consequence of the simplicity of neutron natter is,
of course, that relatively primitive approximations can
lead, for some quantities, to reasonable results. This is
particularly true for the equation of state because the er-
ror in the energy is of second order in the error in the
wave function. We must therefore look at quantities that
depend sensitively on the quality of the treatment of the
many-body problem. These are mostly effective interac-
tions which are the essential input for studying pairing
properties (See Refs. 43 and 44 or 45 for review articles)
and the density response of neutron matter which have
been discussed for decades [46–48].
We have carried out calculations for the Reid v6 inter-
action [3] and the v6 version of the Argonne interaction
[4]. The results are very similar and no insight is gained
from comparing these two interactions. We therefore re-
port results for the Reid potential only in the density
regome 0.25 fm−1 ≤ kF ≤ 1.8 fm
−1. The calculations to
be presented here refer to what we called in Ref. 33 the
“parquet//1” version. The approximation goes beyond
Jastrow-Feenberg in the sense that propagator correc-
tions are included in both the particle-particle and the
particle-hole channels. The notion “//1” refers to the in-
clusion of first-order exchange diagrams. These are neces-
sary to have a reasonably good agreement with the long-
wavelength limit Vˆp−h(0+) and the Fermi-Liquid param-
eters from hydrodynamic derivatives, see Refs. 39 and
33 for a discussion. Our calculations to be presented
here go beyond the work of Ref. 33 by including dia-
grams that would correspond to non-parquet diagrams
in the language of perturbation theory, or to commuta-
tor diagrams in the language of the variational Jastrow-
Feenberg method.
A. Interaction corrections
One expects the most pronounced consequence of in-
cluding “twisted chain” diagrams in coordinate space
at short and intermediate distances. Figs. 7 show, at
kF = 1.0 fm
−1, the G-matrix in the local approximation
(2.13), the induced interaction wI(r), and the “twisted
chain” correction VI(r). We also show the individual
components that were spelled out in Eqs. (3.16a)-(3.16c).
For example
[
G(S)ψ(w)
]
(r) shows the contribution from
the first line in Eq. (3.16a),
[
G(T+)ψ(w)
]
(r) the one from
the second line and
[
G(T−)ψ(w)
]
(r) the last term. The
corresponding information for the T+ and the T− pro-
jections is shown in the second and third figure, note that[
G(T+)ψ(w)
]
(r) has no component in the T+ channel.
In all three channels we observe the same features: the
induced interaction wI(r) is rather smooth and relatively
long-ranged whereas the non-parquet diagram contribu-
tions are localized at short and intermediate distances;
this is similar to the contribution from “elementary di-
agram” and three-body correlations in quantum fluids.
The reason for this is simply the fact that VI(r) falls off
roughly like the product of the interaction and ψ(w)(r).
In the singlet channel, the non-parquet corrections
practically double the repulsive induced interaction
around the potential minimum, it appears that this is
a direct consequence of the large hard core of the triplet
channel potentials that is mixed into the singlet chan-
nel. What is more important is that VI(r) is in all
three channels comparable to the induced interaction.
On the other hand, the effect is practically irrelevant in
the triplet channels because all many-body corrections
are overwhelmed by the larger core size of the bare inter-
action.
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FIG. 7. (color online) The figures show, for the Reid v6 in-
teraction at kF = 1.0 fm
−1 the “twisted chain” correction
VI(r) (red) to the effective interactions, the induced inter-
action wI(r) (dark blue), the G-matrix (black dashed) in the
local approximation (2.13) and the individual components of
VI(r) (light blue, beige, and dark blue lines) in the projector
channels S, T+, and T−. We also show for reference the bare
interaction in the same channels (red dashed lines).
The situation changes rather drastically at lower den-
sities. We show in Fig. 8 the individual components of
the interaction for kF = 0.5 fm
−1. In the singlet chan-
nel, the VI(r) is much larger than the induced interaction
wI(r) and is, therefore, the dominant many-body effect.
The G-matrix becomes significantly more attractive in
the spin-singlet channel. The reason for this is found in
the fact that the bare S-wave interaction is, with a scat-
tering length of a0 ≈ −18.7 fm [49], rather attractive and
close to a bound state. As a consequence, the pair wave
function ψ(r) can change substantially if the interaction
is only slightly changed, this is the reason for the rather
large nearest-neighbor peak seen in Fig. 1. The large
nearest neighbor peak has, in turn, the consequence that
the G-matrix becomes significantly more attractive than
the bare interaction. Of course, many-body effects and
the Pauli-principle still play the dominant role in deter-
mining the pair wave function: The zero-energy S-wave
scattering function has a nearest neighbor peak of about
12, it is therefore nowhere close to the in-medium pair
wave function.
On the other hand, the correction from both the in-
duced interaction wˆI(r) and the “twisted chain” diagrams
in the triplet channels is again overwhelmed by the the
large core size of the bare interaction and therefore not
shown.
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FIG. 8. (color online) Same as Fig 7 for kF = 0.5 fm
−1. Only
the singlet channel is shown.
B. Correlation functions
To document the sensitivity of the pair correlations
to the treatment of many-body correlations, we show in
Fig. 9 the pair wave function ψα(r) in the three channels
{S, T+, T−}. By adding the non-parquet contributions
to the irreducuible interaction, the peak in the pair wave
function is reduced by about 10 percent. The effect is eas-
ily understood by the fact that the irreducible diagrams
mix a part of the more repulsive spin-triplet interactions
into the spin-singlet channel. The change is visible but
much more moderate in the spin-triplet channels which is
consistent with our findings on the effective interactions
in Figs. 7 and 8. The effect becomes larger at low densi-
ties because the attractive induced interaction becomes
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weaker whereas the repulsive non-parquet corrections re-
main roughly the same.
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FIG. 9. (color online) The figures show, for the Reid v6 in-
teraction at kF = 0.5 fm
−1, the pair wave function ψα(r) in
the three projector channels S (red), T+ (black), and T−
(blue). The dashed lines show the parquet//1 case. Each
corresponding solid line represents what is obtained if non-
parquet diagrams are included.
The strongly attractive S-wave interaction has led to
discussions of a potential BCS-BEC crossover in low-
density neutron matter [43, 50], our findings would sug-
gest that many-body effects can somewhat reduce such a
crossover. It must be kept in mind, however, that the re-
pulsive interaction in the spin-triplet channels must not
be neglected; it is responsible for stabilizing neutron mat-
ter. A model system of nucleons interacting in all chan-
nels with the S wave interaction would have a very low
density spinodal point and would be unstable at any den-
sity that might be of interest for the structure of neutron
stars.
C. Effective interactions
Figs. 10 shows the full particle-hole interaction in the
three projections {S, T+, T−} with and without VI(r).
Since the S-channel effective interaction is the strongest
– this is partly due to the strong nearest neighbor peak
of the pair wave function, see Fig. 1 – the many-body
effects are comparatively weak despite the fact that VI(r)
is the dominant effect. The total effect is much larger in
the two triplet channels T+ and T− and can be as large
as a factor of two at low densities.
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FIG. 10. The figures show, for the Reid v6 interaction the
coordinate-space representation of the particle-hole interac-
tion without (black lines) and with (red lines) the “twisted
chain” corrections as a function of the Fermi wave number in
the projector channels S, T+, and T−.
We conclude this section by remarking that the im-
portance of non-parquet diagrams is much less visible
in momentum space, this is basically caused by the fact
that the long-wavelength limit of both the particle-hole
interaction and the induced interaction are determined
by Fermi-Liquid parameters which come out reasonably
well even in the ordinary FHNC-EL or parquet theory.
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FIG. 11. (color online) The figure shows the essential pro-
cesses are included in the “twisted chain” interaction correc-
tion. The red wavy lines are either spin-singlet or spin-triplet
interactions, the magenta line may be either of the two, and
the blue lines represent the induced interaction wˆI.
V. SUMMARY
We have in this paper developed a procedure to go
beyond parquet-diagram calculations in a nuclear many-
body Hamiltonian. The essential aspect of that Hamilto-
nian is the state-dependence of the interaction. We have
analyzed the symmetrized operator product form of the
wave function of the type (1.8) and have come to the con-
clusion that commutator corrections, which have so far
been ignored, can massively compromise the vailidity of
low-order methods , can be very important in cases where
the interactions in spin-singlet and spin-triplet states are
very different. The problem largely removed in parquet
theory that can be formulated in trms of physical observ-
ables and has no need for introducing variational corre-
lation functions.
The physical mechanism for why this is the case is
made clear by looking at the relevant processes from the
point of view of diagrammatic perturbation theory. The
relevant mechanism is summarized in figure 11. In the
left diagram, a pair of particles that enter the process in a
specific (singlet or triplet) state will always remain in that
state. The red wavy lines therefore describe interactions
in the same channel. This is not changed by the exchange
of a spin-fluctuation despite the fact that the blue lines
may be singlet or triplet interactions.
In the right diagram, a spin is absorbed, transported
through a spin-fluctuation (described by the chain of two
blue wavy lines), and re-absorbed at a later time. There-
fore, the magenta wavy line may be a triplet interaction
whereas the red lines are singlet interactions or vice versa.
Evidently, this makes little difference if the interactions
are the same in spin-singlet and spin-triplet states. On
the other hand, there is no reason that this is a valid ap-
proximation if the interactions are very different which is
the case for modern nucleon-nucleon interactions [1, 4].
On the technical side we have utilized techniques from
both variational Jastrow-Feenberg theory and perturba-
tion theory. The analysis of the symmetrized opera-
tor product form of the variational wave function has
indicated the potential importance of commutator cor-
rections. The correspondence between Jastrow-Feenberg
and Goldstone diagrams has then revealed that these
commutator corrections correspond to Goldstone dia-
grams outside the parquet class, it also suggested a way
to calculate these corrections that would not be immedi-
ately obvious from just looking at, for example, the third
diagram in Fig. 4.
To deal with this effect, we have utilized experience
from both variational and perturbation theory. We have
used the correspondence between Jastrow-Feenberg and
Goldstone diagrams to conclude that these processes are
not described by parquet diagrams. The practical im-
plementation of these terms utilized again the view of
variational wave functions to identify approximations for
those non-parquet diagrams that would not be obvious
from a purely perturbative point of view.
From the analysis of the commutator diagrams one
might have expected a larger effect on the energetics of
the system. The reader is reminded that the argument
applies only when the correlation functions fα(r) are de-
termined by some low-order methods and commutator
corrections are included. We have shown in previous
work [34], which is briefly outlined in the appendix, that
this effect can be drastic. FHNC-EL completely elimi-
nates the need for introducing correlation functions fα(r)
and is formulated entirely in terms of the pair distribu-
tion function or the direct correlation function Γdd(r),
parquet theory never even introduces such correlation
functions. That way, the problem of potentially diver-
gent contributions never occurs which can otherwise only
be solved by omitting them.
The results have been described in Section IV, there
is no need for repetition. The effect of the non-parquet
contribution on the short-ranged correlations and the ef-
fective interactions in the spin-singlet channel at low den-
sities is enhanced by the relatively strong attraction. We
have commented on this effect in earlier work [51].
The strong S-wave interaction has led to discussions of
a potential BCS-BEC crossover in low-density neutron
matter [43, 50], our findings would suggest that many-
body effects can suppress such a crossover. It must be
kept in mind, however, that the repulsive interaction in
the spin-triplet channels is responsible for stabilizing neu-
tron matter. A model system of nucleons interacting in
all channels with the S wave interaction would have a
very low density spinodal point and be unstable at any
density that might be of interest for the structure of neu-
tron stars.
We have shown here only the most essential results,
namely effective interactions which are input to calcula-
tions of pairing phenomena or low-lying excitations. For
recent review articles on pairing phenmena, see Refs.
43 or 44 and a collection of papers describing recent
research[45].
Similarly important is the response of neutron matter
which has been discussed over the years [46–48]. A par-
ticular promising route appears to be the extension of
the pair excitation theory [52, 53] to nuclear cases which
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have provided a quantitative understanding of the full
dynamic structure function of quantum fluids [54–56].
The method may be understood as a correlated version
of what is called in nuclear physics “second RPA[57, 58]”,
being built on a correlated ground state instead of a
model state of single particle wave functions, the ap-
proach avoids the usual problems caused by strong, short-
ranged correlations. Another important further exten-
sion of our methods is, of course, the inclusion of spin-
orbit forces which are of quantitative importance [59].
Work in this direction is in progress.
Appendix A: A simple example
We review in this section a somewhat simpler case
where the effect of the symmetrization can be studied ex-
plicitly. Consider a fictitious system of bosons with spins
[34]. We keep only the Oˆc = 1 and Oˆ3(i, j) = σi · σj .
In that case, the cluster expansions can be simplified by
assuming a symmetrized operator product for the square
of the wave function,
Ψ20 = S
[∏
i<j
(f2c (rij) + f
2
σ(rij)σi · σj)
]
. (A1)
The distribution functions then have the general form
gc(r) = f
2
c (r)Fcc(r) + f
2
σ(r)Fcσ(r)
gσ(r) = f
2
c (r)Fσc(r) + f
2
σ(r)Fσσ(r) . (A2)
where the Fij are multidimensional integrals involving
hc(rij) = f
2
c (rij) − 1 and hσ(rij) = f
2
σ(rij). If one ig-
nores all commutators, a set of HNC equations can be
derived in much the same way as for spin-independent
correlations. The coefficient functions Fαβ(r) become
Fcc(r) =
1
4
[
3eNσ(r) + e−3Nσ(r)
]
eNc(r)
Fcσ(r) =
3
4
[
eNσ(r) − e−3Nσ(r)
]
eNc(r) = 3Fσc(r)
Fσσ(r) =
1
4
[
eNσ(r) + 3e−3Nσ(r)
]
eNc(r) (A3)
where the Nc,σ(r) are the sums of chain diagrams. Defin-
ing the sets of non-nodal diagrams
Xc(r) = gc(r) − 1−Nc(r) , Xσ(r) = gσ(r)−Nσ(r)
(A4)
the nodal diagrams Nc,σ(r) are given in momentum
space,
N˜c,σ(k) = X˜
2
c,σ(k)/(1− X˜c,σ(k)) (A5)
In the next step, the parallel connections of all possible
chains are symmetrized with the appropriate combinato-
rial factors. One then obtains a different set of coupling
coefficients [34, 60]
Fcc(r) =
[
cosh(Nσ(r)) +Nσ(r) sinh(Nσ(r))
]
eNc(r)
Fcσ(r) =
[
2 sinh(Nσ(r)) +Nσ(r) cosh(Nσ(r))
]
eNc(r)
= 3Fσc(r)
Fσσ(r) =
[
cosh(Nσ(r)) +
1
3
Nσ(r) sinh(Nσ(r))
]
eNc(r).
(A6)
Eqs. (A3) and (A6) look, at the first glance, innocuous.
To demonstrate our point we rewrite the pair-distribution
functions in the singlet and triplet channels,
g(r) = gs(r)Pˆs + gt(r)Pˆt (A7)
where
gs(r) = gc(r) − 3gσ(r), gt(r) = gc(r) + gσ(r) (A8)
are the distribution functions and nodal quantities in
these channels. In this representation we have, for the
unsymmetrized version (A3)
gs,t(r) = f
2
s,t(r)e
Ns,t(r) , (A9)
i.e. the distribution functions are indeed proportional to
the correlation functions in the spin-singlet and spin-
triplet channels. On the other hand, such a simple re-
lationship can not be derived if the simplest non-trivial
commutators are included as in Eqs. (A6). The pair dis-
tribution functions gs,t(r) are combinations of f
2
s (r) and
f2t (r) whose detailed structure is not illuminating.
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